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CONCORDANCES FROM DIFFERENCES OF TORUS KNOTS TO
L–SPACE KNOTS
SAMANTHA ALLEN
Abstract. It is known that connected sums of positive torus knots are not concordant to
L–space knots. Here we consider differences of torus knots. The main result states that the
subgroup of the concordance group generated by two positive torus knots contains no nontrivial
L–space knots other than the torus knots themselves. Generalizations to subgroups generated
by more than two torus knots are also considered.
1. Introduction
An important theme in knot concordance theory has been how the three-dimensional prop-
erties of knots affect the knot concordance group. For instance, in one direction we have the
results of Kirby-Lickorish and Myers [9, 14] that every knot concordance class is represented by
a (prime) hyperbolic knot. In the other direction, there are the results of Litherland [11] that
positive torus knots are linearly independent in the concordance group and that the quotient of
the concordance group by the subgroup generated by torus knots is infinitely generated.
Heegaard Floer theory has provided powerful new tools to investigate this idea. For instance,
Friedl-Livingston-Zentner [7] show that alternating knots generate a subgroup with infinitely
generated quotient in the concordance group. Aceto-Alfieri [1] have studied the question (given
in [7]) of which sums of torus knots are concordant to alternating knots. Similar questions are
addressed in, for instance, [2, 3, 4, 21]. Here, we study the question of which torus knots are
concordant to L-space knots.
From the perspective of Heegaard Floer theory, an important family of knots are L–space
knots [17]. This family includes all positive torus knots. In [10], Krcatovich showed that all
L–space knots are prime. Thus no nontrivial connected sum of knots is an L–space knot. We
consider instead concordances from knots to L–space knots. In [22] it was shown that certain
connected sums of torus knots are not concordant to L–space knots, and this was expanded
in [13] to show that no positive linear combination of positive torus knots is concordant to an
L–space knot. In this paper we extend this to the case of differences, showing that no nontrivial
differences of (multiples) of pairs of torus knots can be concordant to an L–space knot.
Theorem 1.1. If the connected sum of distinct positive torus knots mT (p, q) #nT (r, s) is con-
cordant to an L–space knot, then either m = 0 and n = 1 or m = 1 and n = 0.
The proof uses an approach similar to that of Livingston in [13], making use of the Levine-
Tristram signature function, the Ozsva´th–Szabo´ tau invariant, the Alexander polynomial, and
two additional items:
• properties of the Ozsva´th–Stipsicz–Szabo´ Upsilon invariant
• and the result of Hedden and Watson [8] that the leading terms of the Alexander poly-
nomial of an L–space knot of genus g must be t2g − t2g−1.
More generally, we make the following conjecture:
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Conjecture 1.2. If a connected sum of (possibly several) torus knots is concordant to an L–
space knot, then it is concordant to a positive torus knot.
Note that since torus knots are linearly independent in the concordance group, a connected sum
of torus knots is concordant to a positive torus knot T (p, q) only if it is of the form
mT (p, q) # (1−m)T (p, q) #T (p1, q1) #− T (p1, q1) # . . . #T (pN , qN ) #− T (pN , qN )
where m ≥ 1.
As progress towards this conjecture, we give conditions under which a connected sum of
many torus knots is not concordant to an L–space knot. These conditions involve all of the
aforementioned invariants, as well as the relations among Upsilon functions for torus knots
discovered by Feller and Krcatovich [6].
Notation and Conventions. Throughout this paper, all torus knots T (a, b) considered are such
that 1 < a < b and gcd(a, b) = 1. All Alexander polynomials are normalized to be polynomials
(rather than as symmetric Laurent polynomials) with positive constant terms. In addition, we
abuse the “big O” notation O(tk) to mean “terms of degree greater than or equal to k”.
Acknowledgements. This problem was suggested by Charles Livingston and the work greatly
benefited from discussions with him. Thanks are also due to the referee for very detailed and
helpful corrections and suggestions.
2. Preliminaries
In [16], Ozsva´th and Szabo´ introduced the Heegaard Floer invariant ĤF (Y ) which associates
a graded abelian group to a closed 3–manifold Y . A rational homology 3–sphere Y is called
an L–space if rank
(
ĤF (Y )
)
= |H1(Y ;Z)| (see [17]). A knot K is called an L–space knot if
it admits a positive L–space surgery. Since lens spaces are L-spaces, positive torus knots are
L–space knots. In this section, we gather some useful facts and references concerning L–space
knots and torus knots, beginning with their knot complexes.
The Heegaard Floer knot complex CFK∞(K) was introduced in [15]. For L–space knots, the
complex CFK∞(K) is always a staircase complex (as in Figure 1) where the height and width
of each step is determined by the gaps in the exponents of the Alexander polynomial of K. The
Alexander polynomial of an L–space knot can be written as
∆K(t) =
d∑
i=0
(−1)itai
for some sequence of integers {ai}. The complex CFK∞(K) is a staircase of the form
[a1 − a0, a2 − a1, . . . , ad − ad−1]
where the indices alternate between horizontal and vertical steps. For more details, see [17] and
[5].
In [15], Ozsva´th and Szabo´ defined the tau invariant, τ(K). This is a concordance invariant
which is additive under connected sum. In [18], Ozsva´th, Stipsicz, and Szabo´ defined the Upsilon
invariant, ΥK(t), a piecewise-linear function with domain [0, 2]. The tau invariant of a knot K is
equal to the negative of the slope of ΥK(t) near t = 0. See [18] for explicit computations for the
family of knots T (p, p+1) and for formulas for computing Υ for L–space knots from CFK∞. The
derivative Υ′K(t) is piecewise–constant with singularities at t–values where the slope changes in
ΥK(t). See [12] for results on computing Υ
′
K(t) from CFK
∞(K).
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Figure 1. CFK∞(T (5, 6)) is a staircase of the form [1, 4, 2, 3, 3, 2, 4, 1].
Finally, consider the Levine–Tristram signature function σK(t). The signature function is
piecewise–constant and integer–valued with possible jumps occurring at zeroes of the Alexander
polynomial of K. Livingston in [13] showed that if the cyclotomic polynomial φc(t) divides
∆T (p,q)(t), then σT (p,q)(t) jumps by −2 at t = 1/c. We use this fact along with the following
results to prove Theorem 1.1.
Theorem 2.1 ([8, 12, 17]). If K is an L–space knot, then
(a) 2τ(K) = deg (∆K(t)).
(b) Υ′K(t) is increasing.
(c) ∆K(t) has lowest order terms 1− t and highest order terms t2g − t2g−1, where g = g(K)
is the genus of the knot.
Much of the work in this paper relies on understanding the Alexander polynomial of torus
knots. We list here three useful characterizations. These are all classical results; see, for example,
[19, 20].
Theorem 2.2. Let T (p, q) be a torus knot with 0 < p < q and gcd(p, q) = 1. The following
hold:
(1) ∆T (p,q)(t) =
(tpq − 1)(t− 1)
(tp − 1)(tq − 1) .
(2) ∆T (p,q)(t) =
∏
h|p, `|q,
h,` 6=1
φh`(t) where φn(t) is the nth cyclotomic polynomial.
(3) ∆T (p,q)(t) =
∑
s∈Sp,q
(ts − ts+1) where Sp,q = {ap+ bq | a, b ∈ Z≥0}.
3. Proof of the main theorem
We break the proof into several smaller propositions. Note that if J is concordant to K, then
τ(K) = τ(J), σK(t) = σJ(t) (away from roots of ∆K(t)), and ΥK(t) = ΥJ(t), as these are all
concordance invariants.
Livingston’s result in [13] includes the cases where both m and n are nonnegative, so we
need only show the result for at most one of m,n positive. The first case is easy; we use the
Ozsva´th–Szabo´ tau invariant to rule out the case where m,n ≤ 0.
CONCORDANCES FROM DIFFERENCES OF TORUS KNOTS TO L–SPACE KNOTS 4
Proposition 3.1. The knot K = mT (p, q) #nT (r, s) where m,n ≤ 0 is not concordant to a
nontrivial L–space knot.
Proof. If m = n = 0, then K is the unknot. So assume that m,n ≤ 0 with at most one of
m,n equal to 0. Suppose that J is a nontrivial L–space knot concordant to K and consider the
Ozsva´th–Szabo´ tau invariant, τ(K). Recall that 0 < p < q and 0 < r < s. Since the knots
J , T (p, q), and T (r, s) are nontrivial L–space knots, their tau invariants τ(J), τ(T (p, q)), and
τ(T (r, s)) are positive by Theorem 2.1 (a). However, J is concordant to K, so by the additivity
of τ under forming connected sums, we have that
τ(J) = τ(K) = mτ(T (p, q)) + nτ(T (r, s)) < 0,
a contradiction. Thus K is not concordant to an L–space knot. 
The remaining cases are those where K = mT (p, q) #nT (r, s) and m · n < 0. Without loss
of generality, we will assume that m > 0 and n < 0. For ease of notation, we write this as
K = mT (p, q) #−nT (r, s) with m,n > 0. Next, we use the Ozsva´th–Stipsicz–Szabo´ Upsilon
invariant to rule out the case where r > p.
Proposition 3.2. The knot K = mT (p, q) #−nT (r, s), where m,n > 0 and r > p, is not
concordant to an L–space knot.
Proof. Suppose that J is a L–space knot concordant to K and consider the Ozsva´th–Stipsicz–
Szabo´ Upsilon invariant, ΥK(t). Recall that 0 < p < q and 0 < r < s. Since the knots J , T (p, q),
and T (r, s) are all nontrivial L–space knots, Υ′J(t), Υ
′
T (p,q)(t), and Υ
′
T (r,s)(t) must be increasing.
Analyzing CFK∞(T (p, q)) and CFK∞(T (r, s)), we see that Υ′T (p,q)(t) has its first jump at t = 2/p
and Υ′T (r,s)(t) has its first jump at t = 2/r. Since Υ is additive under connected sum, Υ
′
K(t)
has its first jump at t = min{2/p, 2/r} = 2/r. Because −n < 0, Υ′−nT (r,s)(t) is decreasing and
this first jump is negative, implying that Υ′K(t) is not increasing. Since ΥJ(t) = ΥK(t), we have
that Υ′J(t) is not increasing, which is a contradiction. 
For the remaining cases, we rely heavily on the work of Livingston in [13] for analyzing the
relationship between the Alexander polynomial and the Levine–Tristram signature function of
connected sums of torus knots.
Proposition 3.3. If the knot K = mT (p, q) #−nT (r, s), where m,n ≥ 1 and r ≤ p, is concor-
dant to an L–space knot J , then rs divides pq and(
∆T (p,q)(t)
)m(
∆T (r,s)(t)
)n = ∆J(t).
Corollary 3.4. If the knot K = mT (p, q) #−nT (r, s), where m,n ≥ 1 and r ≤ p, is concordant
to an L–space knot J , then m = n+ 1.
Proof of Proposition 3.3. Suppose that J is an L–space knot concordant to K. Recall that
0 < p < q and 0 < r < s. Consider the Alexander polynomial of K. It is a product of
cyclotomic polynomials φc(t):
∆K(t) =
(
∆T (p,q)(t)
)m (
∆T (r,s)(t)
)n
=
 ∏
h|p, `|q,
h,` 6=1
φh`(t)

m
·
 ∏
h|r, `|s,
h,` 6=1
φh`(t)

n
.
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Let
C = {c : φc(t) | ∆T (r,s)(t) and φc(t) | ∆T (p,q)(t)},
Cp,q = {c : φc(t) - ∆T (r,s)(t) and φc(t) | ∆T (p,q)(t)},
Cr,s = {c : φc(t) | ∆T (r,s)(t) and φc(t) - ∆T (p,q)(t)}.
By [13], for every c ∈ C, the Levine–Tristram signature function ofK, σK(t), jumps by−2(m−n)
at t = 1/c. Therefore, since J is concordant to K and so their signature functions are equal
away from roots of their Alexander polynomials, we would have that (φc(t))
|m−n| divides ∆J(t).
Similarly, if c ∈ Cr,s, then (φc(t))n divides ∆J(t), or if c ∈ Cp,q, then (φc(t))m divides ∆J(t).
Thus
deg(∆J(t)) ≥ |m− n|
∑
c∈C
deg(φc(t)) + n
∑
c∈Cr,s
deg(φc(t)) +m
∑
c∈Cp,q
deg(φc(t))
= (m+ n− 2 min{m,n})
∑
c∈C
deg(φc(t)) + n
∑
c∈Cr,s
deg(φc(t)) +m
∑
c∈Cp,q
deg(φc(t))
= deg(∆K(t))− 2 min{m,n}
∑
c∈C
deg(φc(t)). (3.1)
On the one hand, we know that for L–space knots the degree of the Alexander polynomial is
equal to twice the τ invariant of the knot. So, since J is concordant to K, we have that
deg(∆J(t)) = 2τ(J) = 2τ(K) = 2
(
m · (p− 1)(q − 1)
2
− n · (r − 1)(s− 1)
2
)
. (3.2)
On the other hand, we have
deg(∆K(t)) = m
(
deg∆T (p,q)(t)
)
+ n
(
deg∆T (r,s)(t)
)
= m(p− 1)(q − 1) + n(r − 1)(s− 1).
Therefore, by Equation (3.1),∑
c∈C
deg(φc(t)) ≥ deg(∆K(t))− deg(∆J(t))
2 min{m,n} =
2n(r − 1)(s− 1)
2 min{m,n}
≥ (r − 1)(s− 1) = deg(∆T (r,s)(t)).
However, by the definition of C,∑
c∈C
deg(φc(t)) ≤ deg(∆T (r,s)(t)),
and so ∑
c∈C
deg(φc(t)) = deg(∆T (r,s)(t)).
Thus it must be that ∆T (r,s)(t) | ∆T (p,q)(t). Note that this implies that rs divides pq since φrs(t)
divides ∆T (r,s)(t). Also, ∆T (r,s)(t) | ∆T (p,q)(t) implies that σK(t) jumps by −2m at 1/c for each
φc(t) dividing ∆T (p,q)(t) and not dividing ∆T (r,s)(t) and jumps by −2(m − n) at 1/c for each
φc(t) dividing both. So we have that(
∆T (p,q)(t)
)m(
∆T (r,s)(t)
)n divides ∆J(t).
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From Equation (3.2), we see that
deg
((
∆T (p,q)(t)
)m(
∆T (r,s)(t)
)n
)
= deg (∆J(t))
and therefore (
∆T (p,q)(t)
)m(
∆T (r,s)(t)
)n = ∆J(t). 
Proof of Corollary 3.4. Suppose that J is an L–space knot concordant toK = mT (p, q) #−nT (r, s),
where m,n > 0 and r ≤ p. Then by Proposition 3.3, we know that(
∆T (p,q)(t)
)m(
∆T (r,s)(t)
)n = ∆J(t). (3.3)
Since T (p, q), T (r, s), and J are all L–space knots, Theorem 2.1(c) and Equation (3.3) imply
that
(1− t+O(t2))m
(1− t+O(t2))n = 1− t+O(t
2).
Rearranging and expanding, we see that
(1− t+O(t2))m = (1− t+O(t2))(1− t+O(t2))n
1−mt+O(t2) = (1− t+O(t2))(1− nt+O(t2))
1−mt+O(t2) = 1− (n+ 1)t+O(t2).
So it must be that m = n+ 1. 
Before proving Theorem 1.1, we show that it holds in the case where m = 2.
Lemma 3.5 (m = 2 case). The knot K = 2T (p, q) #−T (r, s), where r ≤ p and rs divides pq,
is not concordant to an L–space knot unless T (p, q) = T (r, s).
Proof. Suppose for contradiction that K is concordant to an L–space knot J . Consider first the
case of r < p. Applying Proposition 3.3, we have that
∆J(t) =
(
∆T (p,q)(t)
)2
∆T (r,s)(t)
=
(
(tpq − 1)(t− 1)
(tp − 1)(tq − 1)
)2 (tr − 1)(ts − 1)
(trs − 1)(t− 1)
=
(tpq − 1)2(t− 1)(tr − 1)(ts − 1)
(tp − 1)2(tq − 1)2(trs − 1) =
−1 + t+ tr +O(tr+1)
−1 +O(tmin{rs,p}) .
Rearranging, we get
(−1 +O(tmin{rs,p}))∆J(t) = −1 + t+ tr +O(tr+1).
Equating coefficients and noting that r < min{rs, p} in this case, the Alexander polynomial of
J is
∆J(t) = 1− t− tr + higher degree terms.
Thus J does not have the Alexander polynomial of an L–space knot, and we have reached a
contradiction.
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Now, consider the case of r = p. Note that, since we are assuming rs divides pq, we now have
s | q and so r = p < s < q. Again, applying Proposition 3.3, we have that
∆J(t) =
(
∆T (p,q)(t)
)2
∆T (p,s)(t)
=
(tpq − 1)2(t− 1)(ts − 1)
(tp − 1)(tq − 1)2(tps − 1)
=
1− t− ts + ts+1 +O(tpq)
1− tp +O(tmin{q,ps})
Rearranging, we get
(1− tp +O(tmin{q,ps}))∆J(t) = 1− t− ts + ts+1 +O(tpq).
Let s = kp + i where 1 ≤ i < p. If i 6= 1, by equating coefficients we see that the Alexander
polynomial of J is
∆J(t) = 1− t+ tp − tp+1 + t2p − t2p+1 + · · ·+ tkp − tkp+1 − ts + higher degree terms.
Thus J does not have the Alexander polynomial of an L–space knot. If i = 1, by equating
coefficients we see that the Alexander polynomial of J is
∆J(t) = 1− t+ tp − tp+1 + · · ·+ t(k−1)p − t(k−1)p+1 + tkp − 2ts + higher degree terms.
Again, J does not have the Alexander polynomial of an L–space knot, and we have reached a
contradiction. 
Finally, we prove Theorem 1.1.
Proof of Theorem 1.1. By Propositions 3.1, 3.2, and 3.3, Corollary 3.4, and Lemma 3.5, we can
consider only the case of K = mT (p, q) #−(m− 1)T (r, s), where m ≥ 3, r ≤ p, and rs divides
pq. Suppose that J is an L–space knot concordant to K. We apply Proposition 3.3 to have that
∆J(t) =
(
∆T (p,q)(t)
)m(
∆T (r,s)(t)
)m−1 = ( (tpq − 1)(t− 1)(tp − 1)(tq − 1)
)m((tr − 1)(ts − 1)
(trs − 1)(t− 1)
)m−1
=
(
tpq − 1
trs − 1 ·
trs − tr − ts + 1
tpq − tp − tq + 1
)m−1( (tpq − 1)(t− 1)
(tp − 1)(tq − 1)
)
=
(tpq−rs + tpq−2rs + · · ·+ trs + 1)m−1(trs − tr − ts + 1)m−1
(tpq − tp − tq + 1)m−1 ·∆T (p,q)(t),
where the last equality is due to the fact that rs | pq. Rearranging, expanding, and focusing on
lower degree terms, we get
(tpq − tp − tq + 1)m−1∆J(t) = (tpq−rs + tpq−2rs + · · ·+ trs + 1)m−1(trs − tr − ts + 1)m−1∆T (p,q)(t),
(1− tp − tq + tpq)m−1∆J(t) = (1− tr − ts + 2trs +O(trs+r))m−1∆T (p,q)(t), (3.4)
(1− (m− 1)tp +O(tp+1))∆J(t) = (1− (m− 1)tr +O(tr+1))∆T (p,q)(t). (3.5)
(Recall that, in our notation, p < q, r < s, gcd(p, q) = 1, and gcd(r, s) = 1.) Let ai and bi
represent the coefficient of ti in ∆J(t) and ∆T (p,q)(t) respectively and note that ai, bi ∈ {−1, 0, 1},
a0 = b0 = 1, and a1 = b1 = −1. Then the left-hand side of Equation (3.5) is
1− t+ a2t2 + · · ·+ ap−1tp−1 + (−(m− 1) + ap)tp +O(tp+1)
while the right-hand side is
1− t+ b2t2 + · · ·+ br−1tr−1 + (−(m− 1) + br)tr +O(tr+1).
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This implies that ai = bi for 1 ≤ i ≤ r − 1 since we have assumed r ≤ p. If r < p, then
−(m− 1) + br = ar. Recalling that
∆T (p,q)(t) =
∑
d∈Sp,q
(td − td+1)
where Sp,q = {xp + yq | x, y ∈ Z≥0}, note that br = 0 when r < p < q. Therefore, in this case,
−(m− 1) = ar and so m ≤ 2. Thus we are in the trivial case or the case of Lemma 3.5.
If r = p, then gcd(p, s) = 1 and p < s < q (otherwise we are in the trivial case since we have
assumed that rs divides pq). Thus s 6= xp + yq for any choices of integers x, y > 0 and so the
polynomial (1 − tp − tq + tpq)m−1 has no ts term. Let s = hp + ` with h ≥ 1 and 0 < ` < p.
Using the multinomial theorem to expand in each side of Equation (3.4), we get(
1−
h∑
k=1
(
m− 1
k
)
tkp +O(ts+1)
)
∆J(t)
=
(
1−
h∑
k=1
(
m− 1
k
)
tkp − (m− 1)ts +O(ts+1)
)
∆T (p,q)(t).
(3.6)
Again, let ai and bi represent the coefficient of t
i in ∆J(t) and ∆T (p,q)(t) respectively. We claim
that for 0 ≤ i ≤ s− 1, we have that ai = bi. To show this, let i∗ ≥ 0 be the smallest value such
that ai∗ 6= bi∗ . Note that for 0 ≤ i ≤ s− 1, the coefficient of ti on each side of Equation (3.6) is
ai −
bi/pc∑
k=1
(
m− 1
k
)
ai−kp = bi −
bi/pc∑
k=1
(
m− 1
k
)
bi−kp.
By minimality of i∗, ai∗−kp = bi∗−kp for k ≥ 1. This implies that i∗ ≥ s since, otherwise, the
equation above implies ai∗ = bi∗ .
Now, we compare the coefficients of ts in Equation (3.6):
as −
h∑
k=1
(
m− 1
k
)
as−kp = bs −
h∑
k=1
(
m− 1
k
)
bs−kp − (m− 1),
which implies that as = bs − (m − 1) since ai = bi for all i < s. Again, because ∆T (p,q)(t) =∑
d∈Sp,q(t
d − td+1) and s 6∈ Sp,q, we have that bs = 0 or −1 . Thus, m = bs − as + 1 ≤ 2 and we
are in the trivial case or the case of Lemma 3.5. 
4. Towards the more general case
In this section, we state and prove some results which restrict concordances from more general
connected sums of torus knots to L–space knots. First, we give generalizations of Proposition
3.3 and Corollary 3.4.
Proposition 4.1. If the knot
K = T (p1, q1) #T (p2, q2) # · · · #T (pm, qm) #−T (p′1, q′1) #−T (p′2, q′2) # · · · #−T (p′n, q′n),
where m,n ≥ 1, is concordant to an L–space knot J , then∏m
i=1 ∆T (pi,qi)(t)∏n
i=1 ∆T (p′i,q′i)(t)
= ∆J(t).
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Corollary 4.2. If the knot
K = T (p1, q1) #T (p2, q2) # · · · #T (pm, qm) #−T (p′1, q′1) #−T (p′2, q′2) # · · · #−T (p′n, q′n),
where m,n ≥ 1, is concordant to a nontrivial L–space knot, then m = n+ 1.
Proof of Proposition 4.1. Suppose that J is an L–space knot concordant to K. Consider the
Alexander polynomial of K. It is a product of cyclotomic polynomials φc(t):
∆K(t) =
m∏
i=1
∆T (pi,qi)(t) ·
n∏
i=1
∆T (p′i,q′i)(t) =
 m∏
i=1
∏
h|p, `|q,
h,` 6=1
φh`(t)
 ·
 n∏
i=1
∏
h|p′i, `|q′i,
h,` 6=1
φh`(t)
 .
LetK+ = T (p1, q1) #T (p2, q2) # · · · #T (pm, qm) andK− = T (p′1, q′1) #T (p′2, q′2) # · · · #T (p′n, q′n).
Note that K = K+ #−K−. Let
k±(c) = max{k | (φc(t))k divides ∆K±(t)}
and note that ∑
c>1
k±(c) deg(φc(t)) = deg (∆K±(t)) .
By [13], the Levine–Tristram signature function of K, σK(t), jumps by −2(k+(c) − k−(c))
at t = 1/c. Since J is concordance to K, we then have that (φc(t))
|k+(c)−k−(c)| divides ∆J(t).
Thus,
deg(∆J(t)) ≥
∑
c>1
∣∣k+(c)− k−(c)∣∣deg(φc(t))
=
∑
c>1
(
k+(c) + k−(c)− 2 min{k+(c), k−(c)}) deg(φc(t))
=
∑
c>1
(
k+(c) + k−(c)
)
deg(φc(t))− 2
∑
c>1
min{k+(c), k−(c)} deg(φc(t))
= deg (∆K(t))− 2
∑
c>1
min{k+(c), k−(c)} deg(φc(t)).
On the one hand, we know that for L–space knots the degree of the Alexander polynomial is
equal to twice the τ invariant of the knot. So, since J is concordant to K, we have that
deg(∆J(t)) = 2τ(J) = 2τ(K) = 2
(
m∑
i=1
(pi − 1)(qi − 1)
2
−
n∑
i=1
(p′i − 1)(q′i − 1)
2
)
. (4.1)
On the other hand, we have
deg(∆K(t)) =
m∑
i=1
(pi − 1)(qi − 1) +
n∑
i=1
(p′i − 1)(q′i − 1). (4.2)
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Therefore, ∑
c>1
min{k+(c), k−(c)} deg(φc(t)) ≥ 1
2
(deg(∆K(t))− deg(∆J(t)))
=
n∑
i=1
(p′i − 1)(q′i − 1)
= deg(∆K−(t)).
Notice also that∑
c>1
min{k+(c), k−(c)} deg(φc(t)) ≤
∑
c>1
k−(c) deg(φc(t)) = deg (∆K−(t)) .
Thus, ∑
c>1
min{k+(c), k−(c)} deg(φc(t)) = deg (∆K−(t))
which implies that k+(c) ≥ k−(c) for all c > 1. Thus ∆K−(t) divides ∆K+(t). In addition,
k+(c) ≥ k−(c) implies that∏
c>1
(φc(t))
|k+(c)−k−(c)| =
∏
c>1
(φc(t))
(k+(c)−k−(c)) =
∆K+(t)
∆K−(t)
,
and we can conclude that
∆K+(t)
∆K−(t)
divides ∆J(t).
Comparing the degrees of the polynomials from Equations (4.1) and (4.2), we find that
∆K+(t)
∆K−(t)
= ∆J(t),
as asserted. 
Proof of Corollary 4.2. Suppose that J is an L–space knot concordant to K. Then by Proposi-
tion 4.1 we know that ∏m
i=1 ∆T (pi,qi)(t)∏n
i=1 ∆T (p′i,q′i)(t)
= ∆J(t). (4.3)
Since T (pi, qi), T (p
′
i, q
′
i), and J are all L–space knots, Theorem 2.1(c) and Equation (4.3) imply
that ∏m
i=1(1− t+O(t2))∏n
i=1(1− t+O(t2))
= 1− t+O(t2).
Rearranging and expanding, we see that
m∏
i=1
(1− t+O(t2)) = (1− t+O(t2))
n∏
i=1
(1− t+O(t2))
1−mt+O(t2) = (1− t+O(t2))(1− nt+O(t2))
1−mt+O(t2) = 1− (n+ 1)t+O(t2).
So it must be that m = n+ 1. 
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Lastly, we use the following result of Feller and Krcatovich to give a condition on the Upsilon
function of
K = T (p1, q1) #T (p2, q2) # · · · #T (pm, qm) #−T (p′1, q′1) #−T (p′2, q′2) # · · · #−T (p′n, q′n),
under which K cannot be an L–space knot.
Theorem 4.3 (Feller–Krcatovich, [6]). Let p < q be coprime integers. Then
ΥT (p, q)(t) = ΥT (p, q−p)(t) + ΥT (p, p+1)(t).
Theorem 4.4. Suppose that
K = T (p1, q1) #T (p2, q2) # · · · #T (pm, qm) #−T (p′1, q′1) #−T (p′2, q′2) # · · · #−T (p′n, q′n)
with
ΥK(t) = c1ΥT (a1,a1+1)(t) + c2ΥT (a2,a2+1)(t) + · · ·+ csΥT (ar,ar+1)(t)− c′1ΥT (a′1,a′1+1)(t)
−c′2ΥT (a′2,a′2+1)(t)− · · · − c′sΥT (a′s,a′s+1)(t)
where ci, c
′
i > 0 for all i, a1 > a2 > · · · > ar, and a′1 > a′2 > · · · > a′s. If there exists a′i such that
a′i does not divide aj for any j, then K is not concordant to an L–space knot.
Proof of Theorem 4.4. For an L–space knot J , Υ′J(t) is an increasing, piecewise–constant func-
tion. The Upsilon function T (p, p + 1) then has increasing, piecewise–constant derivative.
By analyzing CFK∞(T (p, p + 1)), we also know that Υ′T (p,p+1)(t) has jumps in [0, 1] only at
t = 2i/p for i such that 0 < 2i/p ≤ 1. Let K+ = T (p1, q1) #T (p2, q2) # · · · #T (pm, qm) and
K− = T (p′1, q′1) #T (p′2, q′2) # · · · #T (p′n, q′n).
If ΥK(t) is as stated in the theorem, with a
′
i such that a
′
i does not divide aj for any j, we have
that Υ′K−(t) has a positive jump at 2/a
′
i. Since no aj is divisible by a
′
i, we have that 2k/aj 6= 2/a′i
for any j. Thus Υ′K+(t) is constant at 2/a
′
i. This implies that Υ
′
K(t) = Υ
′
K+(t)−Υ′K−(t) has a
negative jump at 2/a′i and so ΥK(t) is not the Upsilon function of an L–space knot. 
0.2 0.4 0.6 0.8 1.0
-8
-6
-4
-2
ΥK(t)
0.2 0.4 0.6 0.8
-10
-5
Υ′K(t)
Figure 2. The Upsilon function and its derivative for the knot K =
3T (5, 6) #−T (2, 5) #−T (3, 5) on the interval [0, 1].
Example 4.5. Consider the knot K = 3T (5, 6) #−T (2, 5) #−T (3, 5). Applying Theorem 4.3,
we have that
ΥK(t) = 3ΥT (5,6)(t)−ΥT (3,4)(t)− 3ΥT (2,3)(t).
Note that 3 does not divide 5. In Figure 2, we see that Υ′K(t) is not an increasing function—it
has a negative jump at t = 2/3 which is a jump in the derivative of the Upsilon function of
T (3, 4) but not in that of T (5, 6).
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